Abstract In this paper we show that weak Hopf (co)quasigroups can be characterized by a Galois-type condition. Taking into account that this notion generalizes the ones of Hopf (co)quasigroup and weak Hopf algebra, we obtain as a consequence the first fundamental theorem for Hopf (co)quasigroups and a characterization of weak Hopf algebras in terms of bijectivity of a Galois-type morphism (also called fusion morphism).
introduction
The notion of Hopf algebra and its generalizations appeared as useful tools in relation with many branch of mathematics such that algebraic geometry, number theory, Lie theory, Galois theory, quantum group theory and so on. A common principle to obtain generalizations of the original notion of Hopf algebra is to weak some of axioms of its definition. For example, if one does not force the coalgebra structure to respect the unit of the algebra structure, one is lead to weak Hopf algebras. In a different way, the weakening of the associativity leads to Hopf quasigroups and quasi-Hopf algebras.
Weak Hopf algebras (or quantum groupoids in the terminology of Nikshych and Vainerman [11] ) were introduced by Böhm, Nill and Szlachányi [6] as a new generalization of Hopf algebras and groupoid algebras. A weak Hopf algebra H in a braided monoidal category [3] is an object that has both, monoid and comonoid structure, with some relations between them. The main difference with other Hopf algebraic constructions is that weak Hopf algebras are coassociative but the coproduct is not required to preserve the unit, equivalently, the counit is not a monoid morphism. Some motivations to study weak Hopf algebras come from the following facts: firstly, as group algebras and their duals are the natural examples of Hopf algebras, groupoid algebras and their duals provide examples of weak Hopf algebras and, secondly, these algebraic structures have a remarkable connection with the theory of algebra extensions, important applications in the study of dynamical twists of Hopf algebras and a deep link with quantum field theories and operator algebras [11] .
On the other hand, Hopf (co)quasigroups were introduced in [9] in order to understand the structure and relevant properties of the algebraic 7-sphere. They are a non-(co)associative generalizations of Hopf algebras. Like in the quasi-Hopf setting, Hopf quasigroups are not associative but the lack of this property is compensated by some axioms involving the antipode. The concept of Hopf quasigroup is a particular instance of the notion of unital coassociative H-bialgebra introduced in [12] .
Recently [4] , the authors have introduced a new generalization of Hopf algebras (called weak Hopf (co)quasigroups) which encompass weak Hopf algebras and Hopf (co)quasigroups. A family of non-trivial examples of weak Hopf quasigroups can be obtained by working with bigroupoids, i.e. bicategories where every 1-cell is an equivalence and every 2-cell is an isomorphism. Moreover, many properties of these Definition 2.1. A weak Hopf quasigroup H in C is a unital magma (H, η H , µ H ) and a comonoid (H, ε H , δ H ) such that the following axioms hold:
Note that, if in the previous definition the triple (H, η H , µ H ) is a monoid, we obtain the notion of weak Hopf algebra in a braided category introduced in [2] (see also [3] ). Under this assumption, if C is symmetric, we have the monoidal version of the original definition of weak Hopf algebra introduced by Böhm, Nill and Szlachányi in [6] . On the other hand, if ε H and δ H are morphisms of unital magmas, (equivalently, η H , µ H are morphisms of counital comagmas), Π L H = Π R H = η H ⊗ ε H and, as a consequence, we have the notion of Hopf quasigroup defined by Klim and Majid in [9] in the category of vector spaces over a field F. (Note that in this case there is no difference between the definitions for the symmetric and the braided settings). Now we recall some properties related with weak Hopf quasigroups we will need in what sequel. The proofs are identical to the ones given in [4] , because condition (a4) of Definition 2.1 is unnecessary.
Proposition 2.2. Let H be a unital magma and comonoid such that conditions (a1), (a2) and (a3) of
hold.
The following properties are also proved in [4] , but we give a slightly different proof without using (a4) of Definition 2.1. 
and similar equalities to (23), (24) and (25) (19) and (20) is the same that the given in [5] , and the equalities (21) and (22) follow a similar pattern. As far as the last equalities, the proof is somewhat different to the given in [5] because in this case we can not use the antipode. We only show (24), the other being analogous. Using that H is a comonoid, condition (a1) of Definition 2.1 (twice), (20), condition (a2) of Definition 2.1 and (19),
Remark 2.4. Let H be a unital magma and comonoid such that conditions (a1), (a2) and (a3) of Definition 2.1 hold. Denote by
. Now let H be a unital magma and comonoid such that conditions (a1), (a2) and (a3) of Definition 2.1 hold. Define the morphisms, called Ω-morphisms,
, it is not difficult to see that these morphisms are idempotent. As a consequence,
Finally, by conditions (23) and (25), it is easy to see that
and
(28) Note that the morphism Ω 1 R is the same that the one defined in [5] by the name of ∇ H . The following Lemma gives an explanation of the meaning of the objects H ×
R H by using equalizer and coequalizer diagrams.
Lemma 2.5. Let H be a unital magma and comonoid such that conditions (a1), (a2) and (a3) of Definition 2.1 hold. Then we have that:
(
Proof. (i). We will give the computations for the first diagram, the proof for the other is similar. First of all,
where the first equality follows by the definition of Ω 1 L ; the second one by (19); in the third and the last ones we use (4); the fourth one relies on (a2) of Definition 2.1; finally, the fifth equality follows by (20) .
By composing on the left with q 
where the first equality follows by the definition of Ω 2 L ; the second one by (19); in the third one we use (10); the fourth equality relies on (12); the fifth one follows by (13) ; the sixth one by (11) ; the seventh one uses coassociativity and the definition of Π L H , the eighth one relies on (4); the ninth one uses (8); finally, the last one follows by coassociativity.
As a consequence,
• r = r, and it is unique because, if s :
The following definition is inspired in [7] . Definition 2.6. Let H be a magma. We say that a morphism φ : H ⊗ H → H ⊗ H is: 
By dualization, if
H is a comagma, we will say that a morphism φ is almost left H-colinear if φ= (H ⊗ ε H ⊗ H) • (H ⊗ φ) • (δ H ⊗ H), and almost right H-colinear if φ = (H ⊗ ε H ⊗ H) • (φ ⊗ H) • (H ⊗ δ H ).
Proof. It is easy to see assertions (i)-(iv). As far as (v)
, we get the almost right H-linearity by using (12) and (17). Indeed,
On the other hand, using (4) and (6),
and as a consequence we have that Ω To get (vi), the morphism Ω 1 R is almost left H-colinear because by (6) and (17)
Moreover, using (9) and (12), Remark 2.9. Note that, if H is a weak Hopf quasigroup, we can express the Ω-morphisms as compositions of the Galois maps. Actually, by (a4) we have that
and then the Ω-morphism are identities. As a consequence we have that in this case the Galois maps β and γ are isomorphisms with inverses β and γ, respectively. Now we give the main result of this paper, which characterizes weak Hopf quasigrous in terms of a composition involving the Galois maps.
Theorem 2.10. Let H be a unital magma and comonoid such that conditions (a1), (a2) and (a3) of Definition 2.1 hold. The following assertions are equivalent:
(i) H is a weak Hopf quasigroup.
Proof. (i) ⇒ (ii).
Assume that H is a weak Hopf quasigroup. Define
L . Then f −1 and g −1 are the inverses of f and g, respectively. Indeed,
, and then f −1 is the inverse of f . In a similar way it is easy to see that g −1 is the inverse of g. To see the almost left and right H-linearity, we will see that j
We only show the first equality, the second one follows a similar pattern. Indeed, using the definition of f −1 , the idempotent character of Ω 1 L , equality (24) for Π R H , coassociativity and (a4-3) of Definition 2.1, we obtain that
Indeed, (25); and in the third and the last ones we use (a4-3) of Definition 2.1. In a similar way, we get the second equality. As a consequence, we obtain the following expressions for µ H and δ H :
(31)
To obtain that H is a weak Hopf quasigroup we will show that λ H = λ H and they satisfy (a4) of Definition 2.1. We begin showing that id H * λ H = Π L H . Indeed, by the almost left H-linearity and (32),
In a similar way, but using the almost right H-linearity, we get that λ H * id H = Π R H . On the other hand, note that (β ⊗ H) • (H ⊗ δ H ) = (H ⊗ δ H ) • β holds and, by (30) it is easy to see that
Moreover, taking into account that
Therefore, using (31), we obtain that
, and by similar computations, but using (34), we have that id
where the first equality follows by almost right H-linearity; the second one because H is a comonoid; in the third one we use that
By similar computations but using almost left H-linearity and that (Π
is not difficult to see that Π R H * λ H = λ H , and the same ideas can be used to show that λ H = λ H * Π L H . Now we prove (a4-4)-(a4-7) of Definition 2.1. Firstly, by almost right H-linearity and (30)
H ⊗ H), and using almost right H-linearity, (34) and (31),
. By similar ideas but using almost left H-linearity and (33), we show that
To finish the proof, it only remains to see that λ H = λ H . Indeed,
and the proof is complete.
As we have said in the Introduction, the notion of weak Hopf quasigroup generalizes the ones of Hopf quasigroups and weak Hopf algebras. To finish this section we particularize our main theorem in these settings. Note that the first result is the assertion (1) of the Theorem 2.5. (called the first fundamental theorem for Hopf (co)quasigroups) given by Brzezinski in [7] . As far as weak Hopf algebras, we will prove that it is possible to remove the conditions about almost H-linearity. First we need to show the following technical Lemma: Lemma 2.12. Let H be a unital magma and comonoid such that conditions (a1), (a2) and (a3) of Definition 2.1 hold. Let f and g be the maps defined in Theorem 2.10 and define the morphisms:
Then the following assertions are equivalent:
, where the first and the last equalities are consequences of (35); the second and the fourth ones rely on (27). Finally, the third equality follows because H is associative and then
By composing with H ⊗ ε H we obtain that H is associative. First of all, note that, by (24) and (3),
and in a similar way but using (24) for Π R H we get that Ω 1 R • β = β. Then, by (35) and (27),
Composing with j 1 R on the left and with H ⊗ q 1 L on the right, and using (27) and (28) we obtain that
The proof for the equivalence between (i) and (iii) is similar and we leave the details to the reader. Now we can give our characterization for weak Hopf algebras. Note that the equivalence between (i) and (ii) is the result given by Schauenburg in [13] Proof. By Theorem 2.10, (i) ⇒ (ii) and (i) ⇒ (iii). To get (ii) ⇒ (i), we will begin by showing that, if f is an isomorphism, the morphism j
By the suitable compositions, we obtain that
Now we can follow the proof given in Theorem 2.10 to see that the morphism
is the antipode of H (in this case, by associativity of H, conditions (a4-4)-(a4-7) of Definition 2.1 trivialize). The proof for (iii) ⇒ (i) follows a similar pattern and we leave the details to the reader.
A characterization for weak Hopf coquasigroups
The notions of weak Hopf quasigroup and weak Hopf coquasigroup are entirely dual, i.e., we can obtain one of them by reversing arrows in the definition of the other. As a consequence, by dualizing the results given in the previous Section we get a characterization for weak Hopf coquasigroups. The proofs follow the same ideas, and in order to brevity they will be omitted. First of all we introduce the notion of weak Hopf coquasigroup. Definition 3.1. A weak Hopf coquasigroup H in C is a monoid (H, η H , µ H ) and a counital comagma (H, ε H , δ H ) such that the following axioms hold: When particularizing to Hopf coquasigroups, we get the assertion (2) of the Theorem 2.5 given by Brzezinski in [7] .
